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Some fine differences between the twin 𝑏-flavored unitarity triangles are calculated by means of a
generalized Wolfenstein parametrization of the CKM matrix, and a possibility of experimentally
establishing the second triangle is briefly discussed. We find that the apexes of these two triangles,
characterized respectively by (𝜌, 𝜂) and ( ?˜?, 𝜂), are located on the same circular arc in the complex
plane. This observation provides us with a new way to test consistency of the CKM picture of
CP violation in the quark sector and probe possible new physics. The differences between the
apexes (i.e., ?˜? − 𝜌 and 𝜂 − 𝜂) are found to be of O(𝜆2) with 𝜆 ' 0.22 being the Wolfenstein
expansion parameter, and the shapes of these two triangles are found to be insensitive to the
two-loop renormalization-group-equation running effects up to the accuracy of O (𝜆4) .
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1. Introduction
In the standard model (SM) the quark fields interact with both the gauge fields and the Higgs
field, leading to a nontrivial mismatch between the flavor and mass eigenstates of quarks. This kind
of mismatch, which is described by the 3×3 Cabibbo-Kobayashi-Maskawa (CKM) matrix𝑉 [1, 2],
implies the existence of flavor mixing and CP violation. The unitarity of 𝑉 is strictly guaranteed by
the SM itself, and it can be geometrically described by six unitarity triangles in the complex plane.
In the past twenty years, the 𝑏-flavored unitarity triangle 4𝑠, defined by the orthogonality relation
𝑉∗𝑢𝑏𝑉𝑢𝑑 + 𝑉∗𝑐𝑏𝑉𝑐𝑑 + 𝑉∗𝑡𝑏𝑉𝑡𝑑 = 0, has been extensively studied. In fact, this triangle has played a
significant role in verifying the success of the Kobayashi-Maskawa mechanism of CP violation [2].
On the contrary, the other 𝑏-flavored triangle 4𝑐 (defined by 𝑉∗𝑢𝑑𝑉𝑡𝑑 + 𝑉∗𝑢𝑠𝑉𝑡𝑠 + 𝑉∗𝑢𝑏𝑉𝑡𝑏 = 0 in the
complex plane) has largely been ignored. The rescaled versions of 4𝑠 and 4𝑐 , denoted respectively
as
4′𝑠 : 1 +
𝑉∗𝑢𝑏𝑉𝑢𝑑
𝑉∗𝑐𝑏𝑉𝑐𝑑
+ 𝑉
∗
𝑡𝑏𝑉𝑡𝑑
𝑉∗𝑐𝑏𝑉𝑐𝑑
= 0 , 4′𝑐 : 1 +
𝑉∗𝑢𝑑𝑉𝑡𝑑
𝑉∗𝑢𝑠𝑉𝑡𝑠
+ 𝑉
∗
𝑢𝑏𝑉𝑡𝑏
𝑉∗𝑢𝑠𝑉𝑡𝑠
= 0 , (1)
are highly similar in shape, as illustrated in Figure 1. Hence they are referred to as the twin
𝑏-flavored unitarity triangles [3]. The apexes of triangles 4′𝑠 and 4′𝑐 are defined as
𝜌 + i𝜂 = −𝑉
∗
𝑢𝑏𝑉𝑢𝑑
𝑉∗𝑐𝑏𝑉𝑐𝑑
, ?˜? + i𝜂 = −𝑉
∗
𝑢𝑏𝑉𝑡𝑏
𝑉∗𝑢𝑠𝑉𝑡𝑠
(2)
in the complex plane, respectively. An intriguing question is whether these two twin triangles can
be distinguished by the upcoming higher-precision measurements to be carried out at the super-𝐵
factory [4] and the high-luminosity Large Hadron Collider (LHC) [5, 6].
Figure 1: An illustration of the twin 𝑏-flavored unitarity triangles 4′𝑠 and 4′𝑐 in the complex plane, where
(𝜌, 𝜂) and ( ?˜?, 𝜂) denote their apexes, respectively.
In this talk we report our recent study of fine differences between triangles 4′𝑠 and 4′𝑐 [3]. We
find that their apexes are actually located on a circular arc in the complex plane. To experimentally
distinguish 4′𝑠 and 4′𝑐 at the 3𝜎 level, the apexes should be measured to the precision of . 0.4%. A
possible way to separately establish 4′𝑠 and 4′𝑐 is to use the experimental data from 𝐵±𝑢 and 𝐵0𝑑-?¯?0𝑑
systems and those from 𝐵±𝑢 and 𝐵0𝑠-?¯?0𝑠 systems, respectively. In addition, we find that the apexes and
inner angles of 4′𝑠 and 4′𝑐 are insensitive to the two-loop renormalization-group-equation (RGE)
evolution up to the accuracy of O (𝜆4) with 𝜆 ' 0.22.
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2. The apexes of 4′𝑠 and 4′𝑐 on a circular arc
A popular extension of the original Wolfenstein parametrization [7] of the CKM matrix 𝑉
is [8, 9]
𝑉 '
©­­­«
1 − 12𝜆 − 18𝜆4 𝜆 𝐴𝜆3 (𝜌 − i𝜂)
−𝜆 + 12 𝐴2𝜆5 [1 − 2 (𝜌 + i𝜂)] 1 − 12𝜆2 − 18𝜆4
(
1 + 4𝐴2) 𝐴𝜆2
𝐴𝜆3 (1 − 𝜌 − i𝜂) + 12 𝐴𝜆5 (𝜌 + i𝜂) −𝐴𝜆2 + 12 𝐴𝜆4 [1 − 2 (𝜌 + i𝜂)] 1 − 12 𝐴2𝜆4
ª®®®¬ (3)
up to the accuracy of O (𝜆6) . Note that here 𝑉𝑢𝑏 ≡ 𝐴𝜆3 (𝜌 − i𝜂) is exact by definition. Moreover,
the exact relationship between (𝜌, 𝜂) and ( ?˜?, 𝜂) or (𝜌, 𝜂) is given by
𝜌 + i𝜂 =
√
1 − 𝐴2𝜆4 (𝜌 + i𝜂)√
1 − 𝜆2 [1 − 𝐴2𝜆4 (𝜌 + i𝜂)] =
√
1 − 𝜆2 ( ?˜? + i𝜂)√
1 − 𝐴2𝜆4 [1 − 𝜆2 ( ?˜? + i𝜂)] . (4)
If both the apexes ( ?˜?, 𝜂) and (𝜌, 𝜂) can be directly determined from some precision measurements,
a comparison between the results of (𝜌, 𝜂) obtained independently from Eq. (4) will provide a
meaningful consistency check of the CKM picture for CP violation described by 4′𝑠 and 4′𝑐 in
the SM. Unfortunately, so far no effort has been made towards establishing 4′𝑐 from the available
experimental data. It is well known that the apex of 4′𝑠 has been excessively constrained by current
experimental results for |𝑉𝑢𝑏 |/|𝑉𝑐𝑏 |, sin 2𝛽 (CP violation in 𝐵0𝑑 vs ?¯?0𝑑 → 𝐽/𝜓𝐾S decays), Δ𝑚𝑑 (the
mass difference of 𝐵0𝑑-?¯?
0
𝑑 mixing), Δ𝑚𝑠 (the mass difference of 𝐵
0
𝑠-?¯?0𝑠 mixing), 𝜀𝐾 (CP violation in
𝐾0-?¯?0 mixing) and so on [9–11]. To separately constrain the apexes of 4′𝑠 and 4′𝑐 , one may make
use of the experimental data from 𝐵±𝑢 and 𝐵0𝑑-?¯?
0
𝑑 systems and those from 𝐵
±
𝑢 and 𝐵0𝑠-?¯?0𝑠 systems,
respectively. The measurements of Δ𝑚𝑑 and Δ𝑚𝑠, which depend respectively on𝑉
∗
𝑡𝑏𝑉𝑡𝑑 and𝑉
∗
𝑡𝑏𝑉𝑡𝑠
via the 𝑡-dominated box diagrams, are expected to be useful to distinguish between the apexes of
4′𝑠 and 4′𝑐 . It is also possible to determine |𝑉∗𝑡𝑏𝑉𝑡𝑠 | from more precise measurements of 𝐵 → 𝑋𝑠𝛾
and 𝐵𝑠 → 𝜇+𝜇− decays in the near future [10].
Therefore, in the present case, we just calculate (𝜌, 𝜂) and then ( ?˜?, 𝜂) by means of of Eq. (4)
with 𝜆 = 0.22453 ± 0.00044, 𝐴 = 0.836 ± 0.015, 𝜌 = 0.122+0.018−0.017 and 𝜂 = 0.355+0.012−0.011 [10].
We obtain 𝜌 = 0.125 ± 0.018 and 𝜂 = 0.364 ± 0.012, together with ?˜? = 0.134 ± 0.018 and
𝜂 = 0.368 ± 0.012. Taking advantage of Eqs. (2) and (3), we directly arrive at
?˜? − 𝜌 ' [𝜌 (1 − 𝜌) + 𝜂2] 𝜆2 , 𝜂 − 𝜂 ' 𝜂 (1 − 2𝜌) 𝜆2 , (5)
up to the accuracy of O(𝜆4). So the differences ?˜? − 𝜌 and 𝜂 − 𝜂 remain within the error bars of
these four parameters. We expect that 4′𝑐 and 4′𝑠 will be experimentally distinguishable at the 3𝜎
level if their apexes (𝜌, 𝜂) and ( ?˜?, 𝜂) can be determined to the precision of . 0.4%.
Let us proceed to take a look at the inner angles of triangles 4′𝑠 and 4′𝑐 , which are defined as
𝛼 ≡ arg
(
− 𝑉
∗
𝑡𝑏𝑉𝑡𝑑
𝑉∗𝑢𝑏𝑉𝑢𝑑
)
, 𝛽 ≡ arg
(
−𝑉
∗
𝑐𝑏𝑉𝑐𝑑
𝑉∗𝑡𝑏𝑉𝑡𝑑
)
, 𝛾 ≡ arg
(
−𝑉
∗
𝑢𝑏𝑉𝑢𝑑
𝑉∗𝑐𝑏𝑉𝑐𝑑
)
,
𝛼′ ≡ arg
(
−𝑉
∗
𝑢𝑑𝑉𝑡𝑑
𝑉∗𝑢𝑏𝑉𝑡𝑏
)
, 𝛽′ ≡ arg
(
−𝑉
∗
𝑢𝑠𝑉𝑡𝑠
𝑉∗𝑢𝑑𝑉𝑡𝑑
)
, 𝛾′ ≡ arg
(
−𝑉
∗
𝑢𝑏𝑉𝑡𝑏
𝑉∗𝑢𝑠𝑉𝑡𝑠
)
. (6)
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Figure 2: The rescaled CKM unitarity triangles 4′𝑠 = 4𝐴𝐵𝐶 and 4′𝑐 = 4𝐴′𝐵𝐶 in the complex plane, where
the center and radius of the circular arc are 𝑂 = (0.5, 0.5 cot𝛼) and 𝑅 = 0.5 csc𝛼.
With the help of Eqs. (3) and (6), one can achieve that 𝛼′ = 𝛼 holds exactly by definition, and
𝛽′ − 𝛽 = 𝛾 − 𝛾′ ' 𝜂𝜆2
[
1 +
(
1
2
− 𝐴2 − 𝜌
)
𝜆2
]
. (7)
Taking account of the values of 𝜆, 𝐴, 𝜌 and 𝜂, we immediately obtain 𝛼 = 𝛼′ ' 87.0◦ ± 2.5◦,
𝛽 ' 22.0◦ ± 0.8◦, 𝛾 ' 71.0◦ ± 2.6◦, 𝛽′ ' 23.0◦ ± 0.8◦ and 𝛾′ ' 70.0◦ ± 2.6◦. So the numerical
results of 𝛽′− 𝛽 and 𝛾−𝛾′, which also characterize the tiny difference between triangles 4′𝑠 and 4′𝑐 ,
remain within the error bars of these four angles and hence require more accurate measurements.
Now that the twin rescaled unitarity triangles 4′𝑐 and 4′𝑠 share a common inner angle 𝛼′ = 𝛼
and a common side 𝐵𝐶 as shown in Figure 2, their corresponding apexes ( ?˜?, 𝜂) and (𝜌, 𝜂) must be
located on a circular arc in the upper complex plane. That is(
?˜? − 1
2
)2
+
(
𝜂 − 1
2
cot𝛼
)2
=
(
𝜌 − 1
2
)2
+
(
𝜂 − 1
2
cot𝛼
)2
=
(
1
2
csc𝛼
)2
. (8)
It is obvious that the center and radius of the circular arc determined by Eq. (8) and shown in
Figure 2 are 𝑂 = (0.5, 0.5 cot𝛼) and 𝑅 = 0.5 csc𝛼. The fact that all the apexes of 4′𝑐 and 4′𝑠 are
located on the same circular arc is of course a natural consequence of the CKM unitarity. It provides
another interesting way to test the consistency of quark flavor mixing and CP violation in the SM.
Since 4′𝑠 has been established to a very good degree of accuracy, it allows us to fix a benchmark
circular arc as shown in Figure 2. The future measurements of ( ?˜?, 𝜂) will tell us to what extent
the experimental values of this apex are also located on the same circular arc. In other words, an
experimental test of the equality given in Eq. (8) will be greatly useful at both the super-𝐵 factory
and the high-luminosity LHC.
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3. Two-loop RGE evolution of 4′𝑠 and 4′𝑐
Note that elements of the CKM matrix 𝑉 depend on the energy scale Λ. When Λ is far above
the electroweak scale ΛEW ∼ 102 GeV, the RGE running effects of 𝑉 will become appreciable
and should be taken into account. In particular, the two-loop RGEs of 𝑉 have been derived in
the framework of the SM or its minimal supersymmetric version (MSSM) [12–15]. In view of
𝑦𝑢/𝑦𝑐 ∼ 𝑦𝑐/𝑦𝑡 ∼ 𝜆4, 𝑦𝑑/𝑦𝑠 ∼ 𝑦𝑠/𝑦𝑏 ∼ 𝜆2 at a given energy scale and the relatively strong
hierarchies of those off-diagonal elements of 𝑉 , Barger et al have found [14]
d
d𝑡
©­­«
|𝑉𝑢𝑑 | |𝑉𝑢𝑠 | |𝑉𝑢𝑏 |
|𝑉𝑐𝑑 | |𝑉𝑐𝑠 | |𝑉𝑐𝑏 |
|𝑉𝑡𝑑 | |𝑉𝑡𝑠 | |𝑉𝑡𝑏 |
ª®®¬ '
(
𝑆1 + 𝑆2
) ©­­«
0 0 |𝑉𝑢𝑏 |
0 0 |𝑉𝑐𝑏 |
|𝑉𝑡𝑑 | |𝑉𝑡𝑠 | 0
ª®®¬ ,
dJ
d𝑡
' 2 (𝑆1 + 𝑆2) J , (9)
where 𝑡 ≡ ln (Λ/ΛEW) , J ≡ Im (𝑉𝑢𝑑𝑉𝑐𝑠𝑉∗𝑢𝑠𝑉∗𝑐𝑑 ) ' 𝐴2𝜆6𝜂 is the Jarlskog invariant of CP viola-
tion [16], 𝑆1 and 𝑆2 stand respectively for the one- and two-loop contributions to the RGEs of 𝑉
(and their explicit definitions can be found in Ref. [3]).
After a careful check of the approximations made in obtaining Eq. (9), we conclude that the
two-loop RGEs shown in Eq. (9) are valid up to the accuracy of O(𝜆4). To the same order, the
integral solutions of the Wolfenstein parameters to Eq. (9) can be figured out as follows:
𝜆(Λ) ' 𝜆(ΛEW) , 𝜌(Λ) ' 𝜌(ΛEW) , 𝜂(Λ) ' 𝜂(ΛEW) , 𝐴(Λ) ' 𝐼1𝐼2𝐴(ΛEW) ;
𝜌(Λ) ' 𝜌(ΛEW) , 𝜂(Λ) ' 𝜂(ΛEW) , ?˜?(Λ) ' ?˜?(ΛEW) , 𝜂(Λ) ' 𝜂(ΛEW) , (10)
where Λ denotes an arbitrary energy scale between ΛEW and ΛGUT, and the loop functions 𝐼1 and
𝐼2 have also been defined in Ref. [3]. It is clear that |𝑉𝑢𝑏 |, |𝑉𝑐𝑏 |, |𝑉𝑡𝑑 | and |𝑉𝑡𝑠 | evolve in the same
way as 𝐴, and J (Λ) ' 𝐼21 𝐼22J (ΛEW) holds for the Jarlskog invariant. In comparison, |𝑉𝑢𝑑 |, |𝑉𝑢𝑠 |,
|𝑉𝑐𝑑 |, |𝑉𝑐𝑠 | and |𝑉𝑡𝑏 | are essentially stable against changes of the energy scale Λ. Thus the rescaled
unitarity triangles 4′𝑠 and 4′𝑐 keep unchanged when the energy scale Λ evolves from ΛEW to ΛGUT
or vice versa, up to the accuracy of O(𝜆4). In other words, the overall shape of either of 4𝑠 and 4𝑐
keeps undeformed up to the same accuracy.
In summary, we have discussed whether the twin 𝑏-flavored unitarity triangles 4′𝑠 and 4′𝑐
can be experimentally distinguished from each other in the context of the upcoming precision
measurements at the super-𝐵 factory and the high-luminosity LHC. The answer is affirmative if
their apexes are measured to a sufficiently good degree of accuracy. We have pointed out that
the apexes (𝜌, 𝜂) and ( ?˜?, 𝜂) are exactly located on a circular arc, whose center and radius are
𝑂 = (0.5, 0.5 cot𝛼) and 𝑅 = 0.5 csc𝛼 respectively. We have also shown that (𝜌, 𝜂) and ( ?˜?, 𝜂) are
insensitive to the two-loop RGE running effects up to the accuracy of O(𝜆4). So the experimental
results of all the inner angles of 4′𝑠 and 4′𝑐 obtained at low energies can directly be confronted with
some theoretical predictions at a superhigh energy scale.
This work was supported in part by the National Natural Science Foundation of China under
grant No. 11775231, grant No. 11835013 and grant No. 12075254.
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